I. INTRODUCTION
For over 40 years, many families of binary sequences of period 2 n 01 with optimal correlations [2] , [5] , [9] have been found, where n is a positive integer. The Gold sequence family is the best known binary sequence family with optimal correlations. It has a four-valued correlation function, which satisfies the Sidelnikov bound. For an odd integer n, Boztas and Kumar discovered a family of binary sequences, the so-called Gold-like sequences [1] with optimal correlation, whose correlation distribution is identical to that of Gold sequences. For even n, Udaya [14] introduced families of binary sequences with six-valued correlations. In fact, these families correspond to Gold-like sequences for even n. In this correspondence, the four-valued correlations or the six-valued correlations in the sequence families include the in-phase autocorrelation value 2 n 0 1 and thus, excluding the inphase autocorrelation value, the four-valued correlations or the six-valued correlations become the three-valued correlations or the five-valued correlations, respectively. The maximum magnitude of correlation values (except for the in-phase autocorrelation value) of the sequences defined by Udaya is the same as that of Gold sequences for even n. Pairs of m-sequences and their decimated sequences with three-valued cross correlations were introduced by Gold [2] , Kasami [4] , and Welch [13] . Those sequences can be used to construct a family of binary sequences (referred to as GKW sequences) of period 2 n 01 with four-valued correlations [3] for a positive integer e such that n e is an odd integer. This becomes the Gold sequences when e = 1.
In this correspondence, combining the construction methods of [3] . A Boolean function f(x) on F 2 is a quadratic form if it is expressible as a homogeneous degree two polynomial on V n 2 [3] . Thus, it is clear that i tr n 1 (x 2 +1 ) is a quadratic form. A binary quadratic form which is alternating and bilinear is called symplectic [7] . It can be shown that the distribution of trace transform values of a quadratic Boolean function on F2 is determined from the rank of its symplectic form. [3] Gold [2] , Kasami [4] , and Welch [13] found pairs of binary m-sequences with three-valued crosscorrelation functions. [2] , Kasami [4] , and Welch [13] ): Let e = gcd(n; k); When e = 1, the m-sequence and its decimated sequence in Theorem 2 become a preferred pair, which is defined as a pair of binary m-sequences with three-valued cross-correlation function of values 01; 01 + 2 b(n+2)=2c , 01 0 2 b(n+2)=2c [3] . Using (2), these two sequences make the family of Gold sequences. Using the pair of binary sequences in Theorem 2, the family K of GKW sequences with family size 2 n + 1 can be constructed from the sequences defined by Udaya introduced families of binary sequences for even n with sixvalued correlations. [14] ): For an even integer n = 2m 4, the family G e is the set of 2 n + 1 sequences defined by for i = 2 n .
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Theorem 6 (Udaya [14] ): For the family Ge, the distribution of correlation values is given as follows: 
In addition, it has been proven that the functions defined in Definition 5 are bent. [6] ) : The function defined by
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is a quadratic bent function on F2 , where y 2 F2 .
In the next section, Theorem 2 is modified to construct a new family of binary sequences with four-valued correlation distribution identical to that of the GKW sequence family K. It is a generalization of the Gold-like sequences introduced by Boztas and Kumar.
III. FAMILIES OF BINARY SEQUENCES WITH FOUR-VALUED CORRELATIONS
Let e = gcd(n; k) and n e = m be an odd integer, where m 3.
The Boolean function p(x) on F2 is defined by
Then the function p(x) can be rewritten as follows.
Lemma 8:
The Boolean function p(x) can be rewritten as
Proof: Let k = el, where gcd(l; m) = 1. Let di eli mod n or di 0eli mod n such that e d i 
Now, it is sufficient to show that all di's in (8) The Boolean function p(x) has an associated symplectic form because it is quadratic. Thus, the distribution of the trace transform values of p(x) is determined by the rank of the associated symplectic form. When e = 1, the new sequence family S in the Definition 10 is the Gold-like sequence family G o defined by Boztas and Kumar. This relationship is exactly the same as that of the GKW sequence family K and the Gold sequence family. Further, it will be proved that the newly defined family of binary sequences S has four-valued correlation distribution which is the same as that of the GKW sequence family K. 
Proof:
The proof follows the proof of the correlation distribution of the Gold-like sequence family defined by Boztas and Kumar [1] . The proof can be divided into five cases as follows. 
where p(x) is given in (7) . Then the correlation function in (9) The case of i 6 = 2 n and j = 2 n has the same distribution. Actually, the correlation function is equivalent to the trace transform of a function q(x) which is given as q(x) = p(x) + p(x):
In order to compute the distribution of the correlation values, the rank of the symplectic form associated with q(x) must be found and it is enough to count the number of z in F 2 satisfying B q (x; z) = 0;
for all x 2 F 2 where B q (x; z) = q(x) + q(z) + q(x + z):
Plugging p(x) into B q (x; z), we have Bq(x; z) = tr 
All solutions to (10) must satisfy (11) and (12) . Now, we consider the following three cases.
To satisfy conditions (11) and (12) From the condition X = tr n e 1 +1 , it is easy to check that X+1 X +1 is nonzero. Similarly to the previous cases, the number of solutions is 2 e since b varies over F2 .
For each of the preceding three cases, the number of solutions is 2 e .
Therefore, the rank of the associated symplectic form is n 0 e. It is the same as that of p(x). From the distribution in Case 4), the distribution can be computed as follows: for i = 2 n has the same correlation distribution as that of the family S.
The proof is omitted because it is similar to the proof in [10] .
IV. FAMILIES OF BINARY SEQUENCES WITH SIX-VALUED CORRELATIONS
This section introduces a construction method of sequence families of period 2 n 0 1 for even n e = m, which have six-valued correlations.
It is a generalization of the binary sequence family Ge by Udaya for even n given in Definition 5.
Similarly to Theorem 7, a new bent function is given as in the following theorem. (14) In order to find the rank of the associated symplectic form of r(x), the bilinear form of r(x) given by Br(x; z) = r(x) + r(z) + r(x + z) must be investigated. Plugging (14) into B r (x; z), B r (x; z) can be rewritten as whose derivation is similar to the case of B p (x; z) for odd n e . In order to determine the rank of the associated symplectic form of r(x), the number of z satisfying Br(x; z) = 0 for all x must be found, that is, the number of z satisfying tr Therefore, z = 0 is the only solution for tr n e (z) + z = 0. Thus, the rank of the associated symplectic form of r(x) is n. Therefore, r(x) is a quadratic bent function.
Using the function r(x) in (13), the new sequence family can be defined as follows. 
In the following theorem, we prove that the family U has six-valued correlations. 
Proof: The proof is similar to that of Theorem 11. The proof can be divided into the following five cases.
The first three cases are exactly the same as those of Theorem 11. Case 4): i = 2 n ; j 6 = 2 n , ( or j = 2 n ; i 6 = 2 n ) :
For a fixed 
where r(x) is given in (13) . Thus, the correlation function in (17) In fact, the correlation function is equivalent to the trace transform of q(x) which is given as q(x) = r(x) + r(x):
Similarly to the proof in Theorem 11, the rank of the symplectic form associated with q(x) must be found and it is sufficient to count the number of z 2 F 2 satisfying 
As 6 = 1, z is obtained as
To satisfy the conditions tr 
All solutions to (18) must satisfy (22) and (23) . Consider the following three cases.
In this case, (22) and (23) reduce to a = 0 and b = 0. Thus, the unique solution of (19) is z = 0 and thus the rank is n.
ii) X = tr Putting X = 1 into (22) and (23), all a, b in F2 satisfy the equations. Thus, the number of solutions z = a+b +1 is equal to 2 2e and the rank of the associated symplectic form is n 0 2e.
) 2 F 2 nf0; 1g:
The summation of both sides of (22) and (23) is given as Therefore, the only solution in this case is z = 0 and the rank of the associated symplectic form is n.
Note that for i = 2 n has the same correlation distribution as that of the family U.
The proof is also omitted because it is similar to the proof in [10] .
The linear spans of the sequences in U E are larger than those of of the sequences in U.
The relationship among the several families of binary sequences referred to in this correspondence is summarized in the following remark.
Remark 17:
Note that all the sequence families referred in this correspondence except for S E and U E can be constructed by using the trace function a(x) = tr n 1 (x) (m-sequence) and some quadratic form b(x) on F 2 . As the Gold-like sequence family G o is a special case of S, the sequence family G e by Udaya is a special case of U when e = 1.
Those sequence families are summarized in Table I .
